Abstract This paper presents a curvilinearly-established finite-difference time-domain methodology for the enhanced 3D analysis of electromagnetic and acoustic propagation in generalised electromagnetic compatibility devices, junctions or bent ducts. Based on an exact multimodal decomposition and a higher-order differencing topology, the new technique successfully treats complex systems of varying cross-section and guarantees the consistent evaluation of their scattering parameters or resonance frequencies. To subdue the non-separable modes at the structures' interfaces, a convergent grid approach is developed, while the tough case of abrupt excitations is also studied. Thus, the proposed algorithm attains significant accuracy and savings, as numerically verified by various practical problems.
Introduction
The systematic modelling of arbitrary electromagnetic compatibility (EMC) applications or bent ducts with irregular cross-sections remains a fairly demanding area of contemporary research, since curvilinear coordinates complicate the separation of the wave equation and therefore, the extraction of a viable analytical solution. Furthermore, the involved fabrication details of such structures in both electromagnetics and acoustics, having a critical influence on the overall frequency response, enforce regular numerical realisations to utilise extremely fine meshes with heavy computational overheads. Soon after the detection of these shortcomings, several effective techniques have been presented for their mitigation (Farina and Sykulski, 2001; Przybyszewski and Mrozowski, 1998; Sikora et al., 2000) or the evolution of flexible discretisation perspectives (Felix and Pagneux, 2002; Rong et al., 2001) and robust lattice ensembles (Bossavit and Kettunen, 2001; Podebrad et al., 2003; Zagorodov et al., 2003) . Among them, the finite-difference time-domain (FDTD) renditions (Taflove and Hagness, 2000) in accordance with the highly-absorptive perfectly matched layers (PMLs) (Berenger, 2003) constitute trustworthy simulation tools, especially in Cartesian grids.
In this paper, a novel multimodal FDTD formulation, founded on a 3D curvilinear regime, is introduced for the precise analysis of electromagnetic and acoustic waves inside curved arrangements of varying cross-section. Owing to the essential role of the excitation scheme, the framework so developed, projects each component on the basis of a transverse mode series to derive an ordinary differential equation which performs reliable vector representations and launches the initial fields in close proximity to the discontinuity. To annihilate the erroneous oscillations near the curvature or bend, an impedance matrix that can be quantitatively integrated up to a sufficient number of modal counterparts is defined. In this context, the new FDTD concepts for electromagnetics are easily extended to acoustics in a completely dual manner, whereas a higher-order differencing tessellation suppresses the dispersion error mechanisms and evaluates the scattering properties irrespective of geometrical peculiarities or frequency spectrums. Conversely, dissimilar interface media distributions that do not follow the grid lines are handled via a convergent transformation. Numerical results, addressing diverse realistic EMC configurations, waveguides, junctions and ducts -terminated by appropriately constructed curvilinear PMLs -demonstrate the considerable accuracy, the stability as well as the drastic computational savings of the proposed approach.
The 3D multimodal FDTD method in general coordinate systems Let us consider the general waveguide of Figure 1 (a), including a toroidal-like section of length u t with inner and outer mean radii R 1 (u) and R 2 (u), respectively. The two straight parts can have arbitrary cross-sections, while their walls may be flexible or rigid. Actually, the most difficult part of this simulation is the bent waveguide sector that generates non-separable modes not easy to determine because of the cumbersome calculations required at every frequency and the incomplete fulfilment of the suitable continuity conditions regarding the straight parts. Comparable observations may be performed from Figure 1(b) , where the more complex three-port Y junction is depicted. Herein, the discontinuity and the two ports prohibit any variable separation of Maxwell's or the linearised Euler's equations. To circumvent the prior defects, our methodology introduces a multimodal decomposition for the propagating quantities that is applied to prefixed planes in the bend. Thus, each component f can be written in terms of infinite series as 
The key issue in such systems is the initial mode coupling, occurring in two distinct ways: one due to the curvature of the waveguide or duct and the other due to its COMPEL 23,3
varying cross-section. The former normally contributes to the generation of higher-order modes and the latter induces the symmetric ones. It is stressed that the existing schemes cannot simulate this intricate situation contaminating so, the final outcomes. The proposed algorithm overcomes this artificial hindrance by projecting the appropriate governing laws to j k in order to extract an equivalent set of ordinary differential equations which combine electric and magnetic fields in electromagnetics or velocity and pressure in acoustics. Their solutions lead to very accurate excitation models and the most substantial; they preserve lattice duality, even when the source is placed quite close to the discontinuity. For illustration and without loss of generality, we concentrate on Maxwell's curl analogues at a certain plane in the interior of the bend. Then, by means of the respective matrix terminology, one obtains the modified forms of Ampere's and Faraday's laws, with E and H the electric and magnetic field intensities defined at the general coordinates (u, v, w) of g(u, v, w) metrics. The elements of matrices W i ði ¼ A; . . .; EÞ describe the fundamental details of the curvature and should be carefully calculated. Hence, after enforcing the boundary constraints, we obtain
and
In order to guarantee the sufficient annihilation of vector parasites and avoid undesired instabilities, owing to arbitrary cross-sections, equations (5) and (6) will not be directly advanced in the time-domain. A closer inspection to their structure reveals that they can be efficiently combined by means of an impedance matrix K and satisfy the general relation E ¼ KH: Substitution of electric/magnetic field quantities and their temporal derivatives in this last expression leads to the ordinary differential equation of
whose solution can be promptly acquired. The previous procedure -being fully dual for the acoustic case -provides the required E and H values at specific planes inside the bend. These values are next inserted as excitation terms in the FDTD formulae to proceed with the update mechanism in the usual manner.
Having determined the correct variation of the propagating waves at the aforementioned problematic areas, the rest of the computational space could be discretised through the traditional FDTD approach. Nonetheless, when the second-order Yee's method is implemented for the treatment of complicated EMC or acoustic devices, large dispersion errors are induced that degrade its total performance, not to mention the discrepancies due to the partial imposition of continuity conditions at curvilinear grids (Figure 2) . Therefore, it becomes apparent that a more orderly discretisation strategy should be pursued. In the light of these abstractions, we develop a parametric family of 3D higher-order non-standard FDTD operators COMPEL 23,3 
V m and Y m according to the calligraphic style appearing in equation (12). Algorithmic consistency and control the assignment of fields to space-time entities by obeying the subsequent gauges
On the other hand, functions C S (kLDz), C T (Dt) enable the smooth transition from the continuous to discrete state. To pick an acceptable argument for distinct wavenumbers k, the Fourier transform of the already computed components at certain locations, is utilised. After the frequency spectrum has been specified, we take its maximum value for the optimal selection. Operators U
[·], in equation (12), yield coarse topologies without compromising the accuracy. So, unlike the Yee's technique with the two mesh points for derivative evaluation, our scheme concerns a whole set of nodes. A typical v-directed U (m) [·] is defined as 
For handling areas near boundary walls in terms of the enlarged stencils, we establish a filtering process with an additional degree of freedom L. For instance, the manipulation of a v-axis stencil, results in
with the primes indicating the modified quantities. The gradually calculated filtering coefficients a j take into account the boundary curvature and the nodes that extend outside the higher-order FDTD grid.
A convergent treatment for complex material interfaces
The staircasing regime and the inability of the simple FDTD method to satisfy the necessary continuity conditions on both sides of arbitrarily-embedded media interfaces, have a crucial impact on its stability. Actually, when a component is discontinuous along a 3D grid line, Yee's algorithm loses the global convergence.
To alleviate this drawback, a new higher-order formulation is discussed, which alters the stencils around these boundaries and correctly represents their physical location. For this objective, assume a curvilinear interface between two media ðmat ¼ A; BÞ with fairly different properties and the propagation of an acoustic wave through them. The basic premise is to appoint a spatial parameter to each region, i.e. s A and s B , respectively, as a guideline of the distance from the first/last cell to the physical position of the wall relative to cell dimensions. Evidently, s mat fulfils the constraint s A ¼ 0:5 2 s B ; and is computed only once. For example, the corrected value of the acoustic pressure derivative › w p at the boundary becomes
The essential material term on the right hand side of equation (17) becomes
where r mat is the mass density of the medium and n ¼ ½n u ; n v ; n w T a unit vector normal to the interface. The two transitional variables in the nominator of equation (18) are recovered directly by extrapolation. So, 
with a similar process holding for the electromagnetic case, as well. The realisation of equations (17) such a way that can be easily applied to both lossless and lossy media. Consequently, the optimised absorber is built using a consistent variable scaling and accomplishes considerable attenuation rates, even for small depths or lattice resolutions.
Numerical results
The efficiency of the novel multimodal FDTD algorithm with its higher-order implementation is validated by various modern problems in both physical fields where conventional methods lack to offer adequate solutions. Particular attention has been paid to the construction of PMLs and non-Cartesian grids. Let us, first, explore the propagation of electromagnetic waves and specifically the inclined-slot coupled elliptical cavity of Figure 3 . Its analysis is deemed difficult due to its curvilinear shape and the varying cross-section. (excitation is at port 2) and the shielding effectiveness, respectively, compared with the reference solution (Rong et al., 2001) . As observed, the higher-order non-standard forms are very accurate and the most important is that they need almost 91 per cent lower resources than the Yee's scheme.
Analogously, Figure 6 shows the shielding effectiveness of the conducting aperture of Figure Table I which furnishes the first five resonance frequencies of the structure.
Numerical verification now proceeds to the analysis of acoustic waves in bent ducts. In this context, Figure 9 shows the reflection coefficient for a two-port system of varying cross-section bounded by the hard-to-model flexible walls. The ratio of the radii is R 2 =R 1 ¼ 2:69; u t ¼ 1208 and the open ends are truncated by a four-cell PML. From the results, it is deduced that the higher-order solutions -even for coarse meshes -are very close to those of Felix and Pagneux (2002) Figure 10 shows the transmission coefficient T 13 versus normalised frequency for a six-cell PML. The accuracy of the proposed strategy is, indeed, promising despite the presence of flexible boundaries. Finally, in Figure 11 , several indicative snapshots of acoustic pressure, Table I .
Resonance frequencies for the three-port Y junction Figure 10 . Magnitude of T 13 for an acoustic three-port Y junction COMPEL 23,3
(grid: 102 £ 102 £ 62 cells). Herein, lattice resolution has been increased in order to attain the optimal propagation of the demanding acoustic phenomena. As can be deduced, our algorithm is fairly effective, since it leads to sufficiently smooth variations without any artificial reflections or material oscillations.
Conclusions
A 3D curvilinear FDTD technique implementing a rigorous multimodal decomposition has been introduced in this paper. The proposed formulation incorporates Figure 11 . Snapshots of acoustic pressure for various bent ducts and a Y junction with flexible or rigid walls a higher-order topological perspective to manipulate challenging realistic structures in the areas of electromagnetics and acoustics. Extensive numerical verification reveals the advantages and the universality of the method which is capable of conducting remarkably accurate simulations independent of the source frequency and the curvature of the device.
